We develop a many-body theory for the properties of exciton-polaritons interacting strongly with a Bose-Einstein condensate of exciton-polaritons in another spin state. Interactions lead to the presence of a two-body bound state, the bi-exciton, giving rise to a Feshbach resonance in the polariton spectrum when its energy is equal to that of two free polaritons. Using the minimal set of terms to describe this resonance, our theory recovers the main findings of two experiments probing interaction effects for upper and lower polaritons in a BEC respectively. This strongly supports that Feshbach physics has indeed been realized, and we furthermore extract the energy and decay of biexciton from the experimental data. The decay rate is predicted to be much larger than that coming from its dissociation into two free polaritons indicating that other decay channels are important. arXiv:1908.11607v1 [cond-mat.quant-gas] 
The strong coupling between cavity photons and excitons in semiconductor microcavities gives rise to the formation of quasiparticles, the exciton-polaritons [1] [2] [3] [4] . Exciton-polaritons (polaritons from now on) mix properties of light and matter and their study has produced several breakthrough results such as the observation of Bose-Einstein condensation and superfluidity [5] [6] [7] [8] [9] [10] , quantum vortices [11] , and topological states of light [12, 13] . A promising research direction with great technological potential is to exploit the Coulomb interaction between the excitonic part of polaritons to induce strong interactions between their photonic part [14] [15] [16] . The interaction can be enhanced when the electrons are in a strongly correlated state [17] or by using dipolar excitons [18] [19] [20] [21] . Recently, strong interactions have been observed using polarization-resolved pump-probe spectroscopy to create a mixture of polaritons in two spins states, with one component forming a Bose-Einstein condensate (BEC) [22] [23] [24] [25] . Large energy shifts were observed, which were attributed to a Feshbach resonance mediated by a bi-exciton state by means of a meanfield two-channel theory and a non-equilibrium Gross-Pitaievskii equation [26] [27] [28] [29] . This opens up the exciting possibility to control the strength and sign of interexcitonic interaction in analogy with the case of degenerate atomic gases, where Feshbach resonances have become a very powerful tool [30, 31] .
Here, we present a strong coupling theory describing the formation of bi-excitons in a spin mixture of polaritons created in pump-probe experiments [22] [23] [24] [25] . Our theory is minimal in the sense that it contains precisely the terms necessary to describe Feshbach interactions due to the formation of a bi-exciton. We show that it recovers the main results of the two recent experiments probing energy shifts in polariton mixtures [24, 25] , supporting that a Feshbach mediated interaction was indeed observed. Moreover, we extract both the energy and decay rate of the bi-exciton state from the experimental data, and predict that the latter is much larger than can be explained from the splitting of the bi-exciton into two unbound polaritons.
System.-We consider a two-dimensional (2D) mixture of polaritons in spin states σ = {↓, ↑}, resulting from the coupling of two quantum light fields with counter-circular polarizations to the excitonic modes of a 2D semiconductor microcavity [22] [23] [24] [25] 32] . The Hamiltonian iŝ
Here,x † kσ andĉ † kσ create an exciton and a photon respectively with momentum k and spin σ. These states have the kinetic energies ε x k = k 2 2m x and ε c k = k 2 2m c + δ, where m x and m c are the masses of the exciton and the cavity photon, and we use units where the system volume, ̵ h, c, and k B are all one. The detuning δ at zero momentum can be controlled experimentally and Ω gives the strength of the spin-conserving photon-exciton coupling, which is taken to be real. Excitons with opposite spin interact with the strenght g, which is momentum independent to a good approximation, since its typical length scale is set by the exciton radius, which is much shorter than the other length scales in the problem. Since the aim of this paper is to explain experimental results using the simplest model possible, we ignore terms describing the interaction between excitons with parallel spin as well as a photon-assisted scattering term [33] [34] [35] .
We consider experiments where the concentration of ↑ polaritons created by a pump beam, is much larger than that of ↓ polaritons created by a probe beam with lower intensity [24, 25] . It follows that we can regard the ↑ polaritons as unaffected by the presence of the ↓ polaritons. Their dispersion is then easily obtained by diagonalising the Hamiltonian in Eq. (1) without the interaction term H int , giving the well-known lower-and upper-polaritons
created by theL † ↑,k andÛ ↑,k operators with energies
The corresponding Hopfield coefficients are [1]
where δ k = ε c k −ε x k is the momentum dependent detuning. In accordance with the experiments, we assume that the pump beam creates a BEC of ↑ lower polaritons in the k = 0 state with density n LP ↑ [24, 25] . Diagrammatic approach.-Our focus is on Feshbach mediated interaction effects on the ↓ polaritons. Despite the fact that polariton systems are driven by external lasers, many of their steady-state properties can be accurately described using equilibrium theory with a few modifications, such as the chemical potentials being determined by the external laser frequencies [3] . We therefore consider the finite temperature Green's function
ĉ k↓ ] T and T τ denotes the imaginary time ordering. We have
where ω n = 2nT with n = 0, ±1, . . . is a bosonic Matsubara frequency, T is the temperature, and interaction effects are described by the exciton self-energy Σ. Given their low concentration, the ↓ excitons can be regarded as mobile impurities in the BEC of ↑ polaritons. We calculate Σ using a ladder approximation, which includes the twobody Feshbach correlations exactly. This approximation has turned out to be surprisingly accurate for impurities in atomic gases [36] [37] [38] . The self-energy becomes
describing the scattering of an ↑-exciton out of the BEC by the ↓-exciton. Here, n x↑ = C 2 k=0 n LP↑ is the density of the excitonic component of the ↑ polariton BEC, and
is the scattering matrix with Π(k, iω n ) the propagator for a pair of excitons. As detailed in the Supp. Mat. [39] , the coupling strength g is eliminated in favour of the zero momentum exciton pair propagator in a vacuum Π V , evaluated at the binding energy E B of a ↑-and ↓exciton pair [39] [40] [41] [42] . In this way, the bi-exciton state giving rise to Feshbach physics naturally emerges from our formalism as a pole in the T matrix. We have also introduced a phenomenological decay γ as discussed in detail below.
Since the exciton-light coupling Ω is strong, we express the exciton propagators inside Π in the polariton basis. Taking zero temperature, this gives
since the energy of the ↑ polaritons is measured with respect to the chemical potential of the BEC. Equation (8) is a first iteration in a self-consistent calculation, in the sense that the propagators obtained by diagonalising the first term in Eq. (5) are used. A similar approach was recently used in the context of Fermi polaron-polaritons [43] .
Finally, the retarded ↓ Green's function is obtained by the usual analytic continuation [44] . Further details on the diagrammatic scheme are given in the Supp. Mat. [39] .
Bi-exciton energy and decay.-We now discuss the energy and decay of the bi-exciton state. The effective propagator for the bi-exciton is obtained from a pole expansion of the T matrix in Eq. (7) giving
with coupling between the excitons and the bi-exciton
Here,
is the the pole of the T -matrix determining the bi-exciton energy with momentum k in the presence of light. There are two contributions to the bi-exciton decay: γ rad
describes the dissociation of the biexciton into two free polaritons, and γ B = g eff γ describes an additional decay, for instance due to disorder.
Comparison with experiment.-The goal is to analyse two different experiments using our minimal model: In Ref. [25] , the energy of an upper ↓ polariton in a BEC of lower ↑ polaritons was measured, and the same was done for a lower ↓ polariton in Ref. [24] . To model these experiments, we have used the typical values for GaAs-based microcavities 2Ω ≃ 3.5meV [22, 28] , m x = 0.25 m e , where m e is the free electron mass, and m c = 10 −4 m x [45] [46] [47] . There is a substantial experimental uncertainty concerning the density n LP↑ of the polariton BEC, which was not measured directly. We take n LP↑ = S 2 0 n pu , where n pu is proportional to the density of the photons in the pump beam, and our numerical results are calculated for n pu ≃ 3.7x10 10 cm −2 [48] . Additionally, we introduce a small lower-polariton decay at γ LP 0 ∼ 0.1meV and a small broadening to the impurity propagator η = 0.07meV in order to numerically resolve the polariton energy. Figure 1 shows our main numerical results. In the top panel, we plot the energy shift of the upper ↓ polariton due to interactions with the BEC as a function of the detuning δ, alongside the experimental results of Ref. [25] . There are two free parameters in our theory: the binding energy E B and the decay γ B of the bi-exciton, which determine the position and width of the resonance. The dashed vertical line in Fig. 1 (top) indicates the value of the detuning δ LU = E B where the energy of the biexciton equals that of an upper ↓ polariton plus a lower ↑ polariton, i.e. E B = ε LP 0 + ε U P 0 . For detunings close to δ LU , the upper ↓ polariton interacts strongly with the BEC via the formation of the bi-exciton. The result is a resonance feature broadened by the bi-exciton decay. We have chosen E B = −0.7meV and γ B = 0.4meV, for which the theory can be seen to agree well with the experimental results. The binding energy is close to experimental values [25, 27] , and below the upper limit of −1.4meV for an infinity deep confinement potential [25, 49] .
In the lower panel of Fig. 1 , we show as a solid blue line the energy of the lower ↓ polariton with respect to its non-interacting value, as a function of the detuning δ, along with the experimental results of Ref. [24] . There is reasonable agreement between theory and experiment, in particular concerning the position as well as the depth of the resonance feature. The position is determined by the energy crossing of the lower ↑ and ↓ polaritons with the bi-exciton state, i.e.
shown by the dashed vertical line. We emphasize that the agreement is obtained with no fitting, as we use the values E B = −0.7meV and γ B = 0.4meV extracted from the fit to the other experiment described above.
We conclude that our strong coupling theory agrees well with two experiments measuring the energy of an upper and a lower ↓ polariton in a BEC of lower ↑ polaritons. Importantly, this agreement is achieved using the same values for the bi-exciton energy and decay for the two experiments, which makes physically sense since it is the same bi-exciton that mediates the Feshbach interaction in the two experiments. An even better fit can surely be achieved using a more extensive numerical fitting to both experiments simultaneously or by introducing more terms in our theory such as interactions between parallel spin excitons. Such an approach is however not supported by the experimental data, which are characterised by significant uncertainties, in particular concerning the BEC density. For instance, an equally good fit can be obtained by changing the density n pu and the bi-exciton decay by up to a factor two. On the contrary, the biexciton energy giving the position of the resonances is determined to within ∼ 20% by the data. The agreement using a theory with the minimal set of terms strongly supports that these experiments indeed are indeed observing Feshbach physics, and it moreover allows us to determine the bi-exciton energy fairly accurately.
We can of course also obtain even better agreement with the experimental results Ref. [24] if we use different values of E B and γ B , although this makes little physical sense. To illustrate this, we plot as a dashed black curve in the lower panel the theoretical prediction for the lower ↓ polariton using E B = −1.4meV and γ B = 1.28meV, which agrees well with the experimental results. Previous theoretical analysis have been based on a mean-field theory with many free parameters in addition to the binding energy and decay of the bi-exciton, which were taken to be different in order to fit the two experiments.
Excitation spectra.
-We now provide further details into the Feshbach resonance effects observed in Fig. 1 . In the upper panel of Fig. 2 , we show the ↓ photonic spectral density A c (ω) = −2Im [G cc (k = 0, ω)] giving the excitation spectrum of the ↓ polaritons as a function of the detuning and the energy. We also plot E B − ε LP k=0 , which is the energy needed for the ↓ polariton to form a biexciton with a ↑ lower polariton from the BEC. We have used the same parameters as for Fig. 1 except there is no additional damping to the bi-exciton, i.e. γ B = 0. Comparing to polariton energies in the absence of interactions plotted as solid black lines from Eq. (3), we see that interactions have significant effects.The upper-polariton branch is split into two branches with comparable spectral weight around the detuning δ LU where the bi-exciton energy equals that of an upper-and lower-polariton indicated by the left vertical line in Fig. 2 . As a result, there are three branches instead of two for detunings close to δ LU . This splitting is caused by a cross-polaritonic Feshbach resonance, where a ↓ upper-polariton forms a biexciton with the a ↑ lower-polariton. A similar splitting occurs around δ LL where the energy of the bi-exciton equals that of two lower-polaritons leading to a resonant interaction. The spectral weight of this splitting is small, reflecting that most of the photonic spectral weight is located in the upper polariton branch for positive detunings. The excitonic spectral function, not shown for brevity, is complementary having a large spectral weight in the lower polariton branch for positive detuning. Simi-lar results were recently presented based on a Chevy type variational wave function including trimer states [50] . While Fig. 2 qualitatively explains the experimental results in Fig. 1 , the resonance features are too sharp. The reason is that setting γ B = 0 strongly underestimates the bi-exciton decay rate. To illustrate this, we plot in the lower panel of Fig. 2 the decay rate of the bi-exciton into two free polaritons, which from Eq. (9) is given by
The decay rate is approximately constant ∼ 5µeV for δ < δ LL confirming previous results [42] . This value is determined by the 2D density of states of the polariton pairs, and it is much smaller than the value γ B = 0.4meV needed to explain the experiments. For detunings δ > δ LL , the bi-exciton energy is below the continuum of states formed by ↑ and ↓ lowerpolariton pairs and the damping is zero. The decay rate also exhibits an abrupt decrease when bi-exciton energy falls below the continuum of states formed by an ↑ lowerpolariton and an ↓ upper-polariton at δ LU . But the decrease is very small as can be seen from Fig. 1 , since the Hopfield coefficients strongly suppress this decay channel. Note that in order to calculate the bi-exciton decay rate due to its dissociation into polaritons, it is crucial to express the Green's functions inside the pair propagator in the polariton basis as in Eq. (8) . A standard ladder approximation using bare exciton propagators or an equivalent variational calculation will not capture the decay rate due to dissociation correctly.
In Fig. 3 we plot the ↓ photonic spectral density A c (ω) for the same parameters as above but now including the additional decay γ B = 0.4meV. Comparing with Fig. 2 , the main effect of the added decay rate is that instead of producing a splitting of the quasiparticle branches, there are now only two branches for all detunings, the upperand lower-polaritons. They however experience strong energy shifts away from the non-interacting values (black lines) at the detunings δ LU and δ LL respectively, which correspond directly to the shifts plotted in Fig. 1 . From this, we conclude that in order to explain the experimental findings, it is essential to include a strong decay channel of the bi-exciton state in addition to its splitting into polariton pairs. We speculate that this additional decay could be due to disorder.
Discussion and conclusion.-We presented a nonperturbative theory that describes polaritons in a BEC of polaritons in another spin state, as created in recent pump-probe experiments using semiconductor microcavities [24, 25] . Our theory contains the minimal set of terms describing interactions mediated via the formation of a bi-exciton, and it recovers the main findings of the two experiments probing energy shifts the upper and lower polaritons. In addition to confirming that strong interactions via a Feshbach resonance were indeed realized, this also enabled us to extract the energy and decay rate of the bi-exciton from the data, predicting that the latter is much larger than that coming from dissociation into two free polaritons. This suggests that other decay channels such as disorder are important.
Our theory agrees with the experiments even though it ignores the interaction between excitons with parallel spin. This suggest that even though the mean field shift resulting from this interaction has been predicted to be strong [16, 51] , it does not qualitatively affect the Feshbach physics. Also, a precise determination of the polariton density would enable a more systematic comparison between theory and experiment. In order to obtain even stronger interactions, it would furthermore be desirable to use a resonance with a longer lived Feshbach molecule. Another promising direction is to use polaritons interacting with an electron gas [43, 52] .
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Supplemental Materials: Strong interactions and bi-excitons in a polariton mixture
THE PAIR PROPAGATOR
The ↑↓ exciton pair propagator is
with q ≡ (q, iω n ). We express the exciton propagators G x in the polaritonic basis assuming that the ↑ lower polaritons form a non-interacting BEC. This gives
where the chemical potential of the BEC equals the energy of the lower polariton ε LP 0 [S35, S53]. Using Eq. (S2) in Eq. (S1) gives
Performing the Matsubara sum yields
with n B (x) = 1 (e βx − 1) the Bose-Einstein distribution. We consider the zero-temperature case and a vanishing concentration of the impurities so that n B (x) = 0. Then, the last expression becomes
where we have included a decay for the lower γ LP 0 and upper ↑-polaritons γ U P 0 . In this picture, the pair propagator is expressed as a combination of all the possible polaritonic pairs. It turns out that the Hopfield coefficients tend rapidly to their asymptotic values as q grows (C 2 q → 1 and S 2 q → 0). This means that terms involving S q make a small contribution to the real part of the pair propagator. They are however crucial for calculating the imaginary part since they describe decay of the bi-exciton into upper polaritons. For zero momentum, the angular integration can be done straightforwardly in Eq. (S5) yielding
where E Λ = q 2 Λ 2m x is an ultraviolet energy cut-off, which can be taking to infinity after we have renormalised the pair propagator as explained below. In our calculations we take γ LP 
SCATTERING MATRIX AND RENORMALIZATION
The pair propagator and the scattering matrix are related by means of the ladder approximation to the Bethe-Salpeter equation [S44] . Expressed in terms of k ≡ (k, iω n ) it reads,
In our case the interaction V (k, k ′ , q) is static and can be taken to be momentum independent to a good approximation such that V (k, k ′ , q) = g. Consequently, we can perform the Matsubara sum and obtain T (k, iω n ) = g 1 − g Π(k, iω n )
.
We illustrate the scattering matrix calculation in Fig. S1 (top line). As explained in the main text, we eliminate the UV cut-off by renormalizing our propagator with the binding energy of the bi-exciton in a vacuum obtained by solving the scattering problem of a ↑↓ exciton pair. The vacuum pair propagator is
For zero momentum, the integration yields
where E Λ is the ultraviolet cut-off energy. We identify the binding energy of the bi-exciton as the real pole of the zero-momentum scattering matrix g −1 = ReΠ V (E B ). By substituting this into Eq. (S8) we arrive to the re-normalized scattering matrix
Finally, the self energy of the impurity is Σ(k, ω) = n x↑ T (k, iω n ), where n x↑ is the density of ↑-excitons in the BEC. We illustrate the self-energy in Fig. S1 (bottom line).
